For the purpose of this paper, we use the method different from the relaxed extragradient method for finding a common element of the set of fixed points of a quasi-nonexpansive mapping, the set of solutions of equilibrium problems, and the set of solutions of a modified system of variational inequalities without demiclosed condition of W and W ω := (1 -ω)I + ωW, where W is a quasi-nonexpansive mapping and ω ∈ (0, 1 2 ) in the framework of Hilbert space. By using our main result, we obtain a strong convergence theorem involving a finite family of nonspreading mappings and another corollary. Moreover, we give a numerical example to encourage our main theorem.
Introduction
Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that the map-
for all p ∈ C and q ∈ F(W ). We denote by F(W ) the set of fixed points of W . Fixed point problems have been widely studied and developed in the literature.
Let be a bifunction of C × C into R, where R is the set of real numbers. The equilibrium problem for : C × C → R is to find p ∈ C such that (p, ζ ) ≥ , ∀ζ ∈ C.
(.)
We denote the set of solutions of (.) by EP( ). Equilibrium problems were introduced by Blum and Oettli [] in  and included many well-known problems such as the variational inequality problem, the optimization problem, and the nonexpansive mapping and fixed point problem.
A mapping D  : C → H is called d  -inverse strongly monotone if there exists a positive real number d  >  such that
for all p, ζ ∈ C. Let B : C → H. The variational inequality is to find a point φ ∈ C such that
for all ψ ∈ C. The set of solutions of (.) is denoted by VIP(C, B). The variational inequalities were initially studied and introduced by Lions and Stampacchia [] . The concept of quasi-nonexpansive mapping was investigated by Diaz and Metcalf [] . In , Su et al. [] introduced strong convergence theorems for quasi-nonexpansive mappings, the monotone hybrid iteration method used to approximate the fixed point of quasi-nonexpansive mappings. In , Tian and Jin [] introduced an iterative method of a quasi-nonexpansive mapping in the framework of Hilbert space. They proved the strong convergence theorem of iterative scheme {p n } generated by (.) as follows. . Wp -q ≤ p -q for any p ∈ H, and q ∈ F(W ); this means that W is a quasi-nonexpansive mapping;
Theorem . Let H be a real Hilbert space, let F be a κ-Lipschitzian and η-strongly monotone operator on H with κ > , η >  and let W be a quasi-nonexpansive mapping on H, and f is a L-Lipschitzian mapping with coefficient L >  for all p, ζ ∈ H. Assume the set F(W ) of fixed points of W is nonempty closed and convex. Let
. Then {p n } converges strongly to the p * ∈ F(W ) which is the unique solution of the VIP:
Many strong convergence theorems of quasi-nonexpansive mapping W were proved by assuming the following conditions:
In , Dong et al. [] proved strong convergence theorem by using a relaxed extragradient method as follows. 
For given p  ∈ C arbitrarily, let the sequences {p n }, {ζ n }, {ξ n }, and {φ n } be generated by
where λ A ∈ (, d  ), λ B ∈ (, d  ), and the sequences
Then the sequence {p n } generated by (.) converges strongly to p
Many authors used the extragradient method to prove fixed point theorem of nonlinear mappings.
Let D  , D  : C → H be two mappings. In , Ceng et al.
[] introduced a relaxed extragradient method for finding solutions of problem (p
which is called a system of variational inequalities where 
where
After we investigated Theorem ., Theorem . and researchers in the same direction, we have the questions as follows:
() Can we prove strong convergence theorem without demiclosed condition and W ω := ( -ω)I + ωW , where W is a quasi-nonexpansive mapping and ω ∈ (,   ) in the framework of Hilbert space? () Can we prove strong convergence theorem without relaxed extragradient method? In this paper, we give the answer for the mentioned questions and introduce the method of iterative scheme {p n } for finding a common element of the set of fixed points of a quasinonexpansive mapping, the set of solutions of equilibrium problems and the set of solutions of a modified system of variational inequalities. Applying our main result, we prove strong convergence theorem involving a finite family of nonspreading mappings and another corollary. Moreover, We also give a numerical example to support our main theorem.
Preliminaries
Let H be a real Hilbert space with inner product ·, · and norm · . In this paper, we use the symbol of weak and strong convergence by ' ' and '→' , respectively. For every p ∈ H, there exists a unique nearest point
Remark . It is well known that metric projection P C has the following properties:
. P C is firmly nonexpansive, i.e.,
Recall that H satisfies Opial's condition [], i.e., for any sequence {p n } with p n p, the inequality
Lemma . Let H be a real Hilbert space. Then we have the following well-known results:

For solving the equilibrium problem, we assume that the bifunction : C × C → R satisfies the following conditions:
is convex and lower semicontinuous.
Lemma . ([]) Let C be a nonempty closed convex subset of H and let be a bifunction of C × C into R satisfying (J)-(J). Let r >  and p ∈ H. Then there exists ξ ∈ C such that
for all p ∈ H. Then the following hold:
Lemma . ([]) Let {h n } be a sequence of nonnegative real numbers satisfying
where {α n } is a sequence in (, ) and {δ n } is a sequence such that
Lemma . ([]) Let H be a real Hilbert space, let C be a nonempty closed convex subset of H and let D  be a mapping of C into H. Let u ∈ C. Then for λ > ,
where P C is the metric projection of H onto C.
Lemma . ([]) Let C be a nonempty closed convex subset of a real Hilbert space H and let W : C → C be a quasi-nonexpansive mapping with F(W
Remark . From Lemmas . and ., we have
for all λ > .
Main result

Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H, let
Suppose that p  , u ∈ C and let {p n }, {φ n }, and {ψ n } be sequences generated by
where the sequences λ A ∈ (, d  ), λ B ∈ (, d  ) and {α n }, {β n }, {γ n }, {δ n } ⊆ [, ] with α n + β n + γ n + δ n =  for all n ∈ N. Suppose the following conditions hold:
Then {p n }, {φ n }, and {ψ n } converge strongly to p  = P F u and
Then G is a nonexpansive mapping.
Next, we show {p n } is bounded. Let ξ ∈ F , then φ n = W g n p n and
Observe that
It implies that
From (.) and (.), we have
From the definition of p n and (.), we have
By induction, we can conclude that
for all n ≥ . This implies that the sequence {p n } is bounded and so are {φ n }, {ψ n }, {(I -W )φ n }, and {P C (I -λ n (I -W ))φ n }. Then we show that lim n→∞ p n+ -p n = .
From the definition of p n and nonexpansiveness of G, we have
On the other hand, from φ n = W g n p n and φ n+ = W g n+ p n+ , we have
Putting ζ = φ n+ in (.) and ζ = φ n in (.), we have
From (J), we have
and hence
We use ψ n = W h n p n and ψ n+ = W h n+ p n+ . By using the same method as (.), we have
From (.), (.), and (.), we have
From the conditions (i), (iv), (v), and Lemma ., we have
Since W g n is a firmly nonexpansive mapping, we obtain
By using the same method as (.), we have
From the definition of p n , (.), (.), and (.), we have
which implies that
From the conditions (i), (ii), and (.), we have
By using the same method as (.), we can imply that
From (.) and (.), we have
Afterwards, we show that lim sup n→∞ u -p  , p n -p  ≤ , where p  = P F u. To show this inequality, take a subsequence {p n j } of {p n } such that
Without loss of generality, we may assume that u n j ω as j → ∞. From (.), we have v n j ω as j → ∞. By using the same method as [] in Theorem ., we have
and
Furthermore, we show that ω ∈ F(W ). From Remark ., we have F(W ) = F(P C (I -λ n j (I -W ))). Assume that ω / ∈ F(W ), we have ω = P C (I -λ n j (I -W ))ω. From (.), we have p n j ω as j → ∞. By (.), (.), the condition (iv), and Opial's property, we have
It is a contradiction. So we have
After that, we show that ω ∈ F(G).
Since p n j ω as j → ∞, (.), the condition (iv), and Opial's property, we have
Finally, we show that the sequences {p n }, {φ n }, and {ψ n } converge strongly to p  = P F u. From the definition of p n , (.), and p  = P F u, we have
From the condition (i), (.), and Lemma ., we can conclude that the sequence {p n } converges strongly to p  = P F u. Consequently, we see that {φ n } and {ψ n } also converge strongly to p  = P F u. This completes the proof.
From our main result, if we take a = , we have the following corollary.
Corollary . Let C be a nonempty closed convex subset of a real Hilbert space H, let
Application
In this section, we use our main result to obtain Theorem . and Theorem .. Before we prove these theorems, we need the following definition and lemma. A mapping W : C → C is said to be nonspreading if
Such a mapping is defined by Kohsaka and Takahashi [] . In , Iemoto and Takahashi [] proved that (.) is equivalent to
Remark . A nonspreading mapping W with F(W ) = ∅ is quasi-nonexpansive mapping.
Since W is a nonspreading mapping and F(W ) = {-}, we have W is a quasi-nonexpansive mapping.
The following lemmas and definition are used to prove the results in this section. By using these results, we obtain the following theorems. 
Lemma . ([]) Let C be a nonempty closed convex subset of a real Hilbert space H and let D
where the sequences λ A ∈ (, d  ), λ B ∈ (, d  ), and {α n }, {β n }, {γ n }, {δ n } ⊆ [, ] with α n + β n + γ n + δ n = , for all n ∈ N, and a ∈ (, ). Suppose the following conditions hold:
(i) lim n→∞ α n =  and
Then {p n }, {φ n }, and {ψ n } converge strongly to p  = P F u and (p  , ξ  ) be a solution of (.)
Proof By using Theorem . and Lemma ., we obtain the conclusion. ζ -ψ n , ψ n -p n ≥ , ∀ζ ∈ C, p n+ = α n u + β n p n + γ n P C (I -λ n (I -S))φ n + δ n G(ψ n ), ∀n ∈ N,
where the sequences λ A ∈ (, d  ), λ B ∈ (, d  ), and {α n }, {β n }, {γ n }, {δ n } ⊆ [, ] with α n + β n + γ n + δ n =  for all n ∈ N. Suppose the following conditions hold:
(i) lim n→∞ α n =  and ∞ n= α n = ∞, (ii)  < c ≤ β n , γ n , δ n ≤ d <  for some c, d >  and for all n ≥ , (iii)  < e ≤ g n , h n ≤ f for some e, f >  and for all n ≥ , (iv) 
